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ABSTRACT 


The  Bloch  waves  of  the  one-electron  theory  of  electronic  states  in 
crystals  are  the  eigenfunctions  of  a family  of  unbounded  selfadjoint 
operators  H(p)  that  depend  holomorphlcally  on  the  wave  momentum 
P “ (Pi>P2»P3)  ^ • H(p)  has  a discrete  spectrum,  with  corresponding 

complete  orthonormal  sequences  of  eigenfunctions,  and  it  is  customary  to 
denote  such  a sequence  by  {ij^^(p)}  and  speak  of  "the"  Bloch  waves.  However, 
the  eigenfunctions  are  not  unique  and  a separate  choice  is  required  for 
each  p.  The  customary  definition  therefore  rests  on  the  axiom  of  choice 
and  can  provide  no  information  about  the  p-dependence  of  the  Bloch  waves. 
Some  Information  is  essential  for  applications.  A minimal  requirement  is 
p-measurablllty . In  this  paper  the  operators  K(p)  = (H(p)  + ^re 

shown  to  form  a family  of  Fredholm  integral  operators  that  is  holomorphlc 
for  p € C^,  |lm  p|  < Yo*  The  classical  theory  of  Fredholm  minors  is  then 
used  to  construct  families  of  Bloch  waves  'l^j^(p)  which  are  holomorphlc  on 
the  complement  of  a closed  nullset. 
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1.  INTRODUCTION  AND  STATEMENT  OF  RESULTS 


The  main  features  of  the  electronic  states  of  crystalline  solids  have 
been  deduced  from  the  one-electron  model  [26,  Ch.  3].  The  principal 
operator  of  the  theory  is  the  one-electron  Hamiltonian 


(1.1) 


H = -A  + V 


where  A is  the  Laplace  operator  in  three-dimensional  Euclidean  space  E^  and 
V denotes  multiplication  by  the  real-valued  crystal  potential  which  has  the 
periodicity  of  the  crystal  lattice.  It  will  be  convenient  to  describe  H by 
means  of  a fixed  system  of  lattice  coordinates.  Thus  If  aj,  a2,  is  a 

lattice  basis  in  E^  then  the  position  vectors  q of  points  in  E^  may  be 
identified  with  the  coordinate  triples  q = (q'.q^.q^)  ^ defined  by 


(1.2) 


L r a 
j-1  J 


A has  the  representation 


(1.3) 


I gJ 

j,k-l 


3q^3q^ 


where  g-*  are  the  contravarlant  components  of  the  metric  tensor  for  the 
coordinates  q^ . V is  represented  by  a real-valued  function  V(q)  of  the 
coordinates  and  the  periodicity  condition  becomes 


V(q  + m)  * V(q)  for  all  q e R’  and  m e Z 
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where  Z denotes  the  set  of  Integers.  A unit  cell  In  the  crystal  Is  described 
by  the  unit  cube 


(1.5) 


- {q  e R*:  -1/2  < q‘,q^q^  < 1/2} 


In  the  coordinate  space.  It  Is  assumed  throughout  the  paper  that  V(q)  € 
Lj  ((^) ; l.e.,  V(q)  Is  Lebesgue  measurable  In  Q and 

f 


(1.6) 


'"'l,((^) 


Q 


lV(q) 1 * dq  < ® 


where  dq  « dq^dq^dq^  denotes  Lebesgue  measure  In  R’.  The  Hamiltonian  H Is 
Identified  with  the  selfadjolnt  realization  of  the  differential  operator 
-A  + V(q)  In  Lj(R^).  Its  domain  D(H)  » L2(R*)  la  the  Sobolev  space  of  func- 
tions u(q)  whose  distribution  derivatives  D^u(q)  - 9°**^*^^u(q)/3q^^3q^^9q^^ 
€ Lj(R^)  for  0 < Oj  + 02  + 03  < 2. 

H Is  known  to  have  a continuous  band  spectrum.  Moreover,  a spectral 
representation  of  H can  be  based  on  the  theory  of  the  generalized  eigenfunc- 
tions known  as  Bloch  waves.  The  literature  contains  several  proofs  of  the 
completeness  of  families  of  Bloch  waves  that  fulfill  certain  regularity 
conditions  (usually  unspecified)  concerning  their  dependence  on  the  wave 
momentum  p 6 R^.  It  Is  surprising  that  the  literature  contains  no  proof  of 
the  existence  of  such  families  although  their  existence  has  been  asserted. 

The  purpose  of  the  present  paper  Is  to  close  this  gap  In  the  theory  by 
giving  an  explicit  construction  of  families  of  Bloch  waves  that  have  adequate 
regularity  properties. 

The  paper  Is  organized  as  follows.  In  the  remainder  of  this  section 
the  Bloch  waves  are  defined  and  the  principal  results  of  the  paper  are 
formulated.  Section  2 contains  a discussion  of  related  literature.  Section 
3 presents  a construction  of  a holomorphlc  family  K(p)  of  Fredholm  Integral 
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operators  In  Lj (^0  whose  eigenfunctions  are  precisely  the  Bloch  waves  for  H. 
In  section  4 the  Fredholm  determinant  of  K(p)  is  used  to  construct  the 
Bloch  wave  eigenvalues  or  energy  band  functions.  In  section  5 the  Fredholm 
minors  of  K(p)  are  used  to  construct  families  of  Bloch  waves  that  are 
"almost"  holomorphic  functions  of  p;  i.e.,  holomorphlc  on  the  complement  of 
a closed  nullset  in  . Section  6 contains  proofs  of  the  lemmas  formulated 
in  the  preceding  sections. 

The  selfadjointness  of  the  Hamiltonian  H follows  from 

Lemma  1.1.  D(H)  = L^(R^)  C D(V)  and  there  exists  a constant  C > 0 such 
that  for  all  u e D(H)  and  r > 1 

It  is  veil  known  that  Ho  = -A  acting  on  the  domain  D(Hq)  = L^(R^)  is  a 
selfadjoint  non-negative  operator  in  LjCR^)  (see  e.g.  [24]).  Hence  Lemma 
1.1  and  theorems  of  T.  Kato  (12,  pp.  287-291]  imply 

Lemma  1.2.  H = -A  + V = Hq  + V,  acting  on  the  domain  D(H)  = L2(R^),  is 
a selfadjoint  operator  in  L2(R^).  Moreover,  H is  bounded  below. 

Note  that  a constant  potential  satisfies  (1.4),  (1.6).  Thus  if  H > -a 
(a  > 0)  then  replacing  V(q)  by  V(q)  + a gives  a new  Hamiltonian  that 
satisfies 

(1.8)  H > 0 

In  the  remainder  of  the  paper  it  is  assumed  that  H satisfies  (1.8). 

The  Bloch  waves  for  H are  the  solutions  of  the  equation 

(1.9)  Hi];(q)  E -Al])(q)  + V(q)l])(q)  “ Ai]j(q)  , q e R’ 
that  have  the  form 


r 


7" 
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(1.10)  lj;(q)  = <t>(q),  q e 

3 si 

where  p 6 R , p*  q = ‘l’('l)  1®  ® non-zero  function  having  the 

periodicity  of  V(q): 


(1.11) 


<J)(q  + m)  = <Kq)  for  all  q e R^  and  m € 


Conditions  (1.10),  (1.11)  are  equivalent  to  the  property 


(1.12) 


ij;(q  + m)  = ^ ™ i|j(q)  for  all  q G R^  and  m € 


Functions  that  satisfy  (1.12)  will  be  said  to  be  p-periodic.  This  class  of 
solutions  of  (1.9)  was  introduced  by  F.  Bloch  [2]  in  the  quantum  theory  of 
electrons  in  crystals.  In  the  theory  the  parameters  Pj  are  Interpreted  as 

a 1 “^2 

the  covariant  components  of  a momentum  vector  p “ Pj  ^ where  a , a , 

a is  the  basis  dual  to  the  crystal  lattice  basis  a^»  33 > a3*  The  two  bases 
are  related  by  a^  • a^^  = 2ir  6^.  It  is  clear  from  (1.12)  that  the  pj  are 
only  determined  modulo  Z and  hence  p may  be  restricted  to  the  set  il.  This 
is  equivalent  to  restricting  p to  the  unit  cell  of  the  reciprocal  lattice. 

Condition  (1.12)  implies  that  each  Bloch  wave  is  determined  by  its 
values  at  the  points  q € il  and  its  momentum  p 6 12.  Moreover,  the  Bloch 
waves  corresjxjndlng  to  each  fixed  p are  the  eigenfunctions  of  a p-dependent 
selfadjoint  realization  of  H in  L2  ((2) . To  see  how  such  an  operator  may  be 
defined  note  that  the  six  faces  of  the  cube  hQ  have  the  equations  q^  = tl/2 
(j  “ 1,2,3)  and  (1.12)  implies 


(1.13) 


iHq)  - e 


PJ  ij^(q)  ^ for  j - 1,2,3 
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(I.IA)  8t|;(q)/aq'"  . 

qJ  = 

The  last  condition  implies 


27Tip. 

e ^ 3t|j(q)/9q 


for  j,k 


1,2,3 


(1.15) 


3tJ>(q)/9v 


2tt1  p, 


9iKq)/9v 


q^=-7 


for  j = 1,2,3 


where  9/9v  = v*  V and  v (q)  is  an  exterior  unit  normal  to  9(2  (and  hence 


v(q) 


, -xT/i  ^ )•  Moreover,  conditions  (1 . 13) -(1 . 15)  are  meaningful 

|q  -7 

for  all  6 L2((2)  by  the  trace  theorem  [13].  It  will  be  shown  that  H, 


acting  on  the  subset  of  defined  by  (1.13),  (1.15),  is  a selfadjoint 

operator  H(p)  in  L2((2).  It  will  be  convenient  to  consider  first  the  opera- 


tor H. (p)  in  L,  (Q)  defined  by  Hq  = -A  acting  on  the  same  domain.  Tims 


(1.16)  D(Hg(p))  = L2((2)  fi  {ip:  ip  satisfies  (1.13)  and  (1.15)} 

(1.17)  Ho(p)i|;  = -AiJ;  for  all  ip  6 D(Hj(p)) 

It. is  easy  to  verify  by  Fourier  analysis  that 

2TTip*q  -2T7im*q 

(1.18)  •J^°(q«p)  = e e , m e Z’ 

defines  a complete  orthonormal  sequence  of  eigenfunctions  for  Hq(p),  with 
corresponding  eigenvalues 


3 .. 

(1.19)  “ 4TT^(p-m|^  = 4tt^  J (Pj  - ) (pj^  - m^) , 

j , k=l 

•k 

and  that  Hp(p)  » Hj(p)  > 0.  The  following  analogue  of  Lemma  1.1  is  valid 
for  (p) . 

Lemma  1.3.  There  exists  a constant  Cq  > 0 sucli  that  for  all  pi  l)(Hglp)), 
all  r > 1 and  all  p e r’ 


r 


iL 
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(1.20) 


L(^)  < 


(llH.(p)i^ll 


Lz  (Q) 


Lenuna  1.3  and  Rate's  theorem  [12,  pp.  287-291]  imply 
Lemma  1.4.  For  all  p G the  operator  H(p)  = Hg(p)  + V with  domain 
D(H(p))  = D(H|j(p))  is  selfadjoint  in  LzC^l).  Moreover,  H(p)  is  uniformly 
bounded  below;  H(p)  > -a  for  all  p G R^. 

Adding  a to  V(q)  produces  a non-negative  operator,  as  in  the  case  of  H; 


i.e. , 

(1.21)  H(p)  > 0 for  all  p G R^ 


In  what  follows  it  is  assumed  that  (1.21)  holds. 

Lemma  1.4  and  the  compactness  of  the  embedding  of  Lj  (0)  in  Lj  ((1) 
(Rellich's  selection  theorem  [16])  imply 

Lemma  1.5.  The  resolvent  operator  R^(H(p))  = (H(p)  - ^)  * is  compact 
for  every  p G R^  and  every  C in  the  resolvent  set  of  H(p).  Hence,  in 
particular,  H(p)  has  a discrete  spectrum  o(H(p))  for  every  p G R^ . 

The  Bloch  waves  for  the  operator  H and  momentum  p are  by  definition  the 
eigenfunctions  of  H(p).  The  remainder  of  the  paper  is  devoted  to  the  study 
of  these  functions  and  their  eigenvalues.  Note  that  since  H(p+m)  = H(p) 
for  all  p G R^  and  m 6 it  is  sufficient  to  study  H(p)  for  p G Q 
“ ip:  -J  1 P1.P2.P3  5 P- 

The  eigenvalues  of  H(p),  enumerated  by  magnitude  and  repeated  according 
to  their  finite  multiplicities  define  a sequence  {X^(p)}  such  that  (recall 
(1.8)) 

(1.22)  0 < A,(p)  < X2(p)  < •••  < X^(p)  < ••• 

Moreover,  ^j^(p)  “ for  n In  fact,  the  estimates  of  Eastham  [8,  p.  101] 


/ 


r 


-.4 


7 


imply  that  there  exists  a constant  c > 0 such  that  for  every  p e 
(1.23)  X^(p)  ~ c n^^  , n 

The  continuity  of  the  functions  A^:  -♦  R can  be  derived  from  perturbation 

theory  [7,  8,  12].  Moreover,  each  ^j^(p)  Is  a holomorphic  function  of  the 
individual  coordinates  Pj  [12,  p.  392].  However,  perturbation  theory  is 
inadequate  to  prove  that  is  a holomorphic  function  of  all  three  vari- 

ables [12,  p.  117].  One  goal  of  this  paper  is  to  prove  that  each  ^j^(p)  is 
holomorphic  for  p e where  is  an  analytic  variety  of  degree  <2  In 

R^.  In  particular,  X^  is  a closed  nullset  in  R^.  This  result  is  proved  by 
showing  that  the  graphs  of  the  ^j^(p)  sre  components  of  a real  analytic 
variety  in  R** . More  precisely,  the  following  result  is  proved  in  section  4. 

Theorem  1.  To  each  potential  V(q)  that  satisfies  (1.4),  (1.6)  and  each 
Y > 0 there  corresponds  a function  D(p,A),  holomorphic  for  | Im  p | < y and 
A 6 C and  satisfying  D(p  + m,A)  = D(p,A),  such  that  for  each  p e R^  tlie 
sequence  (A^(p)}  is  precisely  the  set  of  zeros  of  D(p,A),  enumerated  by 
magnitude  and  repeated  according  to  their  multiplicities. 

The  assertion  that  D(p,A)  is  holomorphic  on  the  closed  set  defined  by 
I Im  p I < Y means,  as  usual,  that  it  is  holomorphic  on  an  open  set  containing 
this  set.  A construction  of  a function  D(p,A)  having  the  properties  listed 
in  Theorem  1 is  given  in  section  4. 

Lemma  1.5  implies  that  for  each  p € there  exist  complete  orthonorrmil 
sequences  of  eigenfunctions  of  H(p) . In  the  literature  most  authors,  after 
defining  H(p),  say  "let  [i]'^(q»p)}  6e  a complete  orthonormal  sequence  of 
eigenfunctions  of  H(p)"  and  proceed  to  talk  about  "the"  eigenfunctions 

This  language  and  notation  are  misleading  because  tlie  eigenfunctions 
are  not  unique.  Indeed,  even  if  the  eigenvalues  ^j^(p)  ^‘re  simple  for  all 
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p e the  phase  of  each  eigenfunction  can  be  chosen  to  be  an  arbitrary 
function  of  p.  If  the  are  degenerate  and  their  multiplicities  vary 

with  p the  range  of  choices  is  much  wider.  The  formal  basis  of  the 
customary  definition  of  the  Bloch  waves  is  evidently  the  axiom  of  choice 
applied  to  the  uncountable  set  of  all  p G . It  is  clear  that  this  approach 
cannot  provide  any  information  about  the  p-dependence  of  the  Bloch  waves. 

Even  the  existence  of  p-measurable  families  is  in  doubt.  In  section  5 of 
this  paper  an  explicit  construction  of  families  of  Bloch  waves  is  given 
that  implies  the  following  theorem. 

Theorem  2.  There  exist  sequences  of  functions  12  x ->•  C and 

closed  nullsets  C 12  such  that  p -*■  >2'^(*,p)  G C(12)  is  holomorphlc  for 
p G 12  - and  {i(J^(*,p)}  is  a complete  orthonormal  sequence  of  eigenfunctions 

— * I I 00 

of  H(p)  for  all  p G 12  - Z where  Z = Z^. 

The  mapping  p -*■  4^^(*,p)  is  holomorphlc  as  a function  of  p with  values 
in  the  Banach  space  C(12)  with  the  maximum  norm  (see  [11]  for  definitions). 
Note  that  Z is  a nullset. 

A family  {>]ij^(q,p)}  with  the  properties  described  in  Theorem  2 will  be 

, called  an  "almost  holomorphlc  family"  of  Bloch  waves.  The  continuity  asser- 

I 

I 

I tion  of  Theorem  2 is  close  to  the  best  possible.  Indeed,  continuous 

families  of  eigenvectors  do  not  exist,  in  general,  even  when  H(p)  is  a 

I holomorphlc  family  of  selfadjolnt  operators  on  a finite  dimensional  space, 

I as  may  be  shown  by  simple  examples. 

I 

I 

1 


■M 


9 


2.  A DISCUSSION  OF  RELATED  LITERATURE 

Following  the  publication  of  F.  Bloch's  paper  [2]  in  1928  the  Bloch 
waves  and  their  associated  energy  band  functions  became  the  central  concepts 
in  the  theory  of  electronic  states  in  crystals.  An  introduction  to  the 
large  physical  literature  on  these  topics  can  be  obtained  from  the  books  of 
J.  M.  Ziman  [26]  and  A.  P.  Cracknell  and  K.  C.  Wong  [6].  By  contrast,  the 
mathematical  theory  of  Bloch  waves  has  developed  much  more  slowly.  The 
first  results  on  expansions  in  Bloch  waves  are  due  to  I.  M.  Gelfand  [9].  In 
this  paper,  published  in  1950,  a proof  is  outlined  of  the  Parseval  relation 
for  Bloch  waves  in  L2(R^)  (and  L2(R^)).  In  the  notation  of  section  1, 
Gelfand's  theorem  states  that  for  every  f G L2(R^)  the  limits 


(2.1) 


fn(P) 


L2  (fi)  -lim 

M-xx. 


'i'n(q.p)  f(q)  dq 
J|q|<M  " 


exist  for  n = 1,2,3, •••  and 


(2.2) 


^"l2(R 


')  = ^ 

''  n=l 


II  f 


'L 


(B) 


The  book  on  eigenfunction  expansions  of  E.  C.  Titchmarsh  [21],  published  in 
1958,  contains  a chapter  on  Schrbdinger  operators  with  periodic  potentials. 
The  Parseval  relation  for  Bloch  waves  in  dimensions  n > 1 is  not  discussed  In 
this  book.  However,  V.  B.  Lidskil  .showed  in  1961  tliat  T 1 tchmarsh ' s methods 
can  be  used  to  derive  (2.1),  (2.2).  A proof  along  these  lines  Is  presentiil 
In  the  book  of  Eastham  [8]. 


.L 
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A more  detailed  discussion  of  Bloch  waves  was  published  in  1964  by 
F.  Odeh  and  J.  B.  Keller  [15].  This  paper  contains  derivations  of  both 
the  Parseval  relation  (2.1),  (2.2)  and  the  Bloch  wave  expansion  of  functions 
f e L2(R^).  The  latter  takes  the  form 

(2.3)  f(q)  = L2(R’)-lim  I ii-„(q,p)  f (p)  dp 

N-*oo  n=l 

in  the  notation  of  section  1.  The  paper  also  contains  a discussion  of  the 

energy  band  functions  ^j^(p)  a derivation  of  the  relation 

00 

(2.4)  o(H)  = U X (n) 

n=l 

More  recently  these  topics  have  been  discussed  by  several  other  authors.  In 
1971  Eastham  [7]  gave  another  proof  of  (2.4),  together  with  tvro  other  char- 
acterization of  o(H).  In  1973  L.  E.  Thomas  [20]  showed  that  H is  spectrally 
absolutely  continuous  [12].  The  proof  was  based  on  his  theorem  that  the 

Fermi  surfaces  Q,  = {p  € (1:  X (p)  = X for  some  n = 1,2,3,  •••}  have  Lebesgue 
A n 

measure  zero  in  R^  for  every  X 6 R. 

None  of  the  literature  cited  above  contains  a constructive  definition 
of  a family  of  Bloch  waves.  In  each  case  appeal  is  made,  explicitly  or 
tacitly,  to  the  "axiom  of  choice  definition"  of  section  1 which  provides  no 
information  about  the  p-dependence . Hence,  the  proofs  of  the  expansion 
theorem  (2.1)-(2.3)  presented  in  these  papers  must  be  regarded  as  incomplete, 
or  valid  only  under  additional  (unspecified)  hypotheses  concerning  the 
measurability  and  integrability  properties  of  the  Bloch  waves. 

The  Odeh-Keller  paper  contains  a discussion,  based  on  Rellich's  pertur- 
bation theory,  of  the  p-dependence  of  Bloch  eigenfunctions  and  eigenvalues. 
The  assertion  [15,  p.  1504,  remark  (Hi)]  that  the  eigenfunctions  ij^^(q,p) 


/ 


r 


d 


II 


have  the  same  analyticity  properties  in  p as  the  eigenvalues  is  Incorrect. 
This  statement  is  true  of  the  projection  operators  onto  the  eigenspaces  [121 
but  it  is  not  clear  how  these  can  be  used  to  construct  families  of  linearly 
independent  eigenvectors  with  the  same  regularity.  As  remarked  at  the  end 
of  section  1,  piecewise  holomorphy  is  the  most  that  can  be  proved  by 
general  methods.  This  result  could  perhaps  be  proved  by  perturbation  theory 
when  the  eigenvalues  are  all  simple.  No  general  criteria  for  this  case  are 
known  but  it  is  presumably  rare.  It  is  known  that,  for  many  classes  of 
crystals,  the  eigenvalues  ^j^(p)  have  "Intrinsic"  degeneracies  for  certain 
values  of  p which  are  Imposed  by  the  symmetry  group  of  the  crystal  and  are 
independent  of  the  precise  form  of  the  potential  within  its  symmetry  class 
[6,  p.  33]. 
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3.  AN  INTEGRAL  EQUATION  FOR  BLOCH  WAVES 


In  this  section  the  Bloch  waves  are  characterized  as  the  eigenfunctions 
of  a holomorphlc  family  of  Fredholm  operators  K(p)  acting  In  L^ . The 
principal  steps  in  the  construction  of  K(p)  are  formulated  here  as  a series 
of  lemmas  whose  proofs  are  given  in  section  6.  The  construction  begins  with 
the  resolvent  of  Hg(p)  evaluated  at  a point  of  the  resolvent  set.  The 
no  tat  ion 


(3.1) 


Ro(p)  = (Ho(p)  + Yo)  *,  Yo  > 0,  p e r’ 


will  be  used.  Ro(p)  is  an  Integral  operator  In  Lj  (fi)  of  the  form 


(3.2) 


G.(q-q',p)  f(q')  dq',  f G L,(J1) 


where  Go(q,p)  is  a periodic  function  of  p 6 R^  with  the  Fourier  expansion 


(3.3) 


Go (q,p) 


g Yo  K ^2iTi  p*m 

neV  ^ 


q ^ 


The  function  Go(q,p)  is  needed  for  q G 212  = {q  = 2q':  q'  6 0}  to  define  the 
difference  kernel  of  an  operator  (3.2)  in  Lj  (i^)  • Actually,  the  scries  In 
(3.3)  converges  and  defines  Go(q,p)  for  all  q G R^  - 2^  and  all  complex 
p G c’  such  that  ] Im  p | < y^j/2ti.  More  precisely,  one  has 

Lemma  3.1.  The  series  in  (3-.3)  converges  for  (q,p)  G (R^  - Z^) 

{pG  C^:  |lm  p|  < Yo/2ti}  and  the  convergence  is  uniform  on  compact 
subsets.  Moreover,  if  Go(q,p)  is  defined  by 


PHBChDlNO  PAGS  BUOflUNOT 
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(3.4)  Gj(q,p)  = I r(q-m)  P “ +G^(q,p) 

me  N 

where  P(q)  = e ^ ^ /4tt  | q ] and  N = ii  {m:  |m|  < /3}  then  Gg(*,p)  E C(212) 

and  the  mapping  p -♦  Gj(*,p)  e C(2fi)  Is  holomorphlc  for  [im  p|  < y^/2T\. 

Lemma  3.2.  For  each  p € with  | Im  p|  < Yo/2it  the  kernel 
G(j(q-q',p)  e L2(12xO)  and  (3.2)  holds.  In  particular,  Rq  (p)  G B2(L2(fi)). 
the  class  of  Hilbert-Schmidt  operators  in  L2(fi),  and  p -*•  R(j(p)  e 
is  holomorphic  for  | Im  p]  < Yo/2it. 

In  the  last  statement  the  Hilbert  space  topology  in  82(L2(n))  defined 
by  the  Hilbert-Schmidt  norm  is  understood  [12]. 

Lemma  3.3.  If  V(q)  € L2(0)  then  for  all  p e with  | Im  p|  < Yo/2'’t 

the  operator  Rj(p)V  is  densely  defined  and  closable  as  an  operator  in  L2(0). 

Moreover,  the  closure  of  Rp(p)V,  denoted  by  L(j(p),  is  in  B2(L2(^))  with 
kernel 

(3.5)  Lj(q,q',p)  = Go  (q  - q',p)V(q')  e L2((^xfi) 

and  the  mapping  p -*•  Lq  (p)  G B2(L2(H))  is  holomorphic  for  | Im  p | < y^/2i\. 

Lemma  3.4.  To  each  V(q)  e L2((2)  and  each  Y ^ 0 there  correspwDnds  a 

constant  M = M(V,y)  > 2tty  such  that  Yo  ^ implies 

(3.6)  HLo(p)lljjg  < 1/2  for  |lm  p|  < Y 

where  denotes  the  Hilbert-Schmidt  norm  for  82(L2(i))). 

Lemma  3.4  Implies  that 

00 

(3.7)  (1  + L„(p))"‘  - I (-1)"  Lj(p)".  llm  p1  < Y 

n=0 

and  the  remainder  in  the  Neumann  series  tends  to  zero  in 


* «■ 


r 
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1 

Lemma 


(3.8) 


3.5 . Let  V(q)  G Lj  ((2)  . Y ^ 0 ^*^<3  Yo  ^ M(V,y)  . Then 
L(p)  = (1  + Lj(p))  * Ro(p)  e BjCLjCU))  for  j Im  p]  < Y 


and  has  the  representation 

00 

(3.9)  L(p)  = I (-1)"  Ro(p)[V  R„(p)]"  for  [im  p1  < Y 

n=0 

in  the  sense  of  convergence  in  82(L2(Q)).  The  mapping  p -*•  L(p)  G B2(L2(0)) 
is  holomorphic  for  jlm  p|  < Y L(p)  has  the  properties 

(3.10)  L(p+m)  = L(p)  for  jlm  p]  < Y and  m G 


and 

(3.11)  L(p)*  = L(p)  for  all  p G R^ 


The  relationship  of  L(p)  to  the  Bloch  waves  is  described  by 

Lemma  3.6.  For  all  p G R^  and  Y^  > M(V.y)  . L(p)  = (H(p)+v?)  *•  Hence 

0 - “ 

il>  G L2(f0  is  an  eigenfunction  of  H(p)  and  H(p)ii)  = Aij/  if  and  only  if  is  an 

eigenfunction  of  L(p)  with  singular  value  p = A + Yq!  l.e., 

i 

j (3.12)  U L(p)  ip  - tp 

i 

j Lemma  3.6  implies  that  the  Bloch  waves  can  be  constructed  by  means  of 

I 

the  Fredholm  determinant  theory  for  Hilbert-Sclimidt  operators  as  developed 
by  T.  Carleman  [4],  F.  Smithies  [19]  and  R.  Sikorskl  [17,  18].  However,  a 
simpler  approach  is  made  possible  by 

» 

\ Lemma  3.7.  Under  the  hypotheses  of  Lemma  3.5,  the  operator  K(p)  = 

I L(p)^  has  the  property  that  its  kernel  K(q,q',p)  G €(()><())  and  the  mapping 

p -*■  K(q,q',p)  G C((2xf2)  is  holomorphic  for  | Im  p|  < y.  Moreover,  i|)  G Lj  (U) 


■4 


I 


is  an  eigenfunction  of  H(p)  and  H(p)  ij;  = Atj;  if  and  only  if  ip  is  an  eigen- 
function of  K(p)  with  singular  value  V = (A  + Yq)^!  i-e. 

(3.13)  V K(p)  \p  = ip 


r 
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4.  A CONSTRUCTION  OF  THE  ENERGY  BAND  FUNCTIONS 


The  purpose  of  this  section  is  to  construct  the  holomorphlc  function 
D(p,A)  of  Theorem  1 and  to  use  it  to  derive  the  basic  properties  of  the 
energy  band  functions  A^(p) . The  construction  of  D(p,A)  is  based  on  the 
classical  Fredholm  theory  [10,  17]  applied  to  K(p) . 

The  Fredholm  determinant  of  K(p)  is  the  function  Dj(p,v)  defined  by  the 
power  series 

00 

(^•1)  Do(p-v)  = I D-  „(p) 

£=0  ’ 


where  q(p)  = 1 ^nd  the  remaining  coefficients  are  defined  by 


(4.2)  Dq^,(p) 


= (-1)^  f 

£!  L 


K(qi,***,q^;ql,*”,q£,p)dqj**-dq^,  SL  > 1 


where 


(4.3) 


K(qi,*“,qj^;qJ.“’.q^,p) 


K(qi,qJ,p)  •••  K(qj,q^,p) 
K(qj^.qJ,p)  •••  K(qj^,qjJ,p) 


Lemma  3.7  implies 

Lemma  4.1.  For  each  p e C^  with  | Im  p | < y,  K(q j , • • • , q^^^; q| , • • • , q^J^,  p) 
6 C(f2^^)  and  p -*■  K(*,***,*,p)  £ C(fl  ^)  is  holomorphlc  for  | Im  p|  < y. 

It  follows  that  each  Dq  j^(p)  Is  holomorphlc  for  |lm  p|  < Y-  Moreover, 
the  classical  Hadamard  inequality  applied  to  (4.3)  implies 

1^0  I - for  jlm  p|  < Y 


(4.4) 
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where  k = k(V,y)  • Max  |K(q,q',p)l  and  the  maximum  is  taken  over  the  compact  i 

set  of  q e 11,  q'  e ll.  Re  p £ 11  and  | Im  p | < y.  This  implies 

Lemma  A . 2 . The  series  in  (4.1)  converges  for  all  p £ with  j Im  p | < Y ' 

I 

and  all  v€  C.  The  convergence  is  uniform  on  compact  subsets  and  hence 
Dq(p,v)  is  holomorphic  for  |lm  p]  < Y>  v£  C. 

The  function  D(p,A)  may  now  be  defined  by  | 

i 

(4.5)  D(p.A)  = Do(p,(A+y§)^) 
and  one  has  the  following  lemmas. 

Lemma  4.3.  D(p,A)  is  holomorphic  for  |lm  p[  < Y and  A £ C.  Moreover, 

D(p,A)  is  real-valued  for  p £ R^,  Y ^ R and  is  a periodic  function  of  p; 

D(p+m,A)  = D(p,A)  for  [ Im  p]  < y,  m £ and  A £ C. 

Lemma  4.4.  For  all  p £ R^,  A £ a(H(p))  if  and  only  if  D(p,A)  = 0. 

Moreover,  the  multiplicity  of  A as  an  eigenvalue  of  H(p)  equals  its  multi- 
plicity as  a zero  of  D(p,A).  Hence,  the  sequence  {A^(p)}  defined  in  section 
1 is  precisely  the  sequence  of  zeros  of  D(p,A),  arranged  by  magnitude  and 
repeated  according  to  multiplicity. 

Lemma  4.4  implies  that  the  variation  with  p £ R^  of  the  energy  band 
functions  ^j^(p)  is  described  by  the  set 

(4.6)  E - {(p,A)  £ r“:  D(p,A)  = 0} 

E is  a real  C-analytlc  variety  in  R**  [5];  i.e.,  the  real  part  of  a complex 
analytic  variety.  It  is  known  that  E = E'  U E"  where  E',  the  set  of  regular 
points  of  E,  is  a real  C-analytic  manifold  of  dimension  3 and  E",  the  set 
of  singular  points  of  E,  is  a real  C-analytic  variety  of  dimension  <2  [5, 

23].  A different  decomposition  of  E will  be  used  to  discuss  the  properties 
of  the  functions  A (p).  It  Is  based  on  the  observation  that  for  each 

/ 
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(Po’^o^  ^ ^ there  exists  an  integer  m = m(pg,A(,)  > 1 with  the  property  that 
there  is  a neighborhood  N(pg,Ag)  of  (Pq.Aj)  in  R**  such  that 

(A. 7)  9jD(p,A)/9AJ  = 0 in  E ri  NCp^.A^) 

for  j = 0,l,***,ra-l  but  there  is  no  neighborhood  N(pg,Ag)  such  that  (A. 7) 
holds  with  j = m.  This  suggests  the  definition 

(A. 8)  = E n {(pj,A„):  a^Cp^.Ao)  9A"’  ^ 0,  m = m(po,Ao)} 

Its  utility  is  based  on 

Lemma  A . 5 . E = E*^  U E^  where  E*^  C E'  and  E®  = E"  u (E'  - E*") . Moreover 

r s 

E is  a real  C-analytic  manifold  of  dimension  3 and  E is  a real  C-analytic 

subvariety  of  E of  dimension  <2. 

E is  unbounded  in  the  positive  A-direction  because  ^j^(p)  ■*"  °°  when  n ^ 

It  will  be  convenient  to  define  the  compact  subsets 

n _ 

(A. 9)  “ [J  p e il}  c E,  n = 1,2, ••• 

and  the  sets 

(A. 10)  E*^  = E n E®  = E n E® 

n n n n 

and 

(A.ll)  = {p  G (p,^)  G for  some  A}  C Q 

With  this  notation  one  has 

Lemma  A. 6.  For  each  n = 1,2,  ••*  the  set  X is  a real  C-analytic  var- 
lety  in  of  dimension  <2.  In  particular,  X^  is  a closed  nullset.  Mi>reover 
the  relatively  open  set  12  - X^  has  a finite  number  t>f  topological 


r 


components;  say 
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(4.12)  n-X  =a  ,un  U***U51  N = N(n) 

n n,i  n,2  n,N’ 

Lemma  4.7.  For  IL  = l,2,***,n  each  of  the  functions  ^^(p)  is  holomorphic 

on  and  has  constant  multiplicity  m = m(n,j,ll)  on  the  component  j, 

j = 1 , 2 , • • • ,N  (n)  . Moreover,  (p,X.(p))  e for  p € Z = 1,2, •••,n  and 

jC  n J 

j- 

m(n,j,£)  = m(p,Aj^(p))  is  the  Integer  of  the  definition  (4.8)  of  E . 
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5.  A CONSTRUCTION  OF  ALMOST  HOLOMORPHIC  FAMILIES  OF  BLOCH  WAVES 


The  purpose  of  this  section  is  to  prove  Theorem  2 by  giving  a construc- 
tion of  the  closed  nullsets  and  Bloch  waves  ij/^(q,p).  The  construction  is 
based  on  the  classical  theory  of  Fredholm  minors  applied  to  the  operator 
K(p). 


The  Fredholm  minor  of  K(p)  of  order  k > i is  the  function 

defined  by  the  power  series 
00 

(5.1)  Dj^(qi,”*,qj^;q;,*-*,q^,p,v)  = • * ’ * • ^k’ ‘’i  ’ ‘ ’ '’k’ ^ 

where  ^Cqj , • • • , q^^;  q J , • • • , q^,  p)  = KCq^  , • • • , qj^;  qj  , • • • , q^,  p)  is  defined 

(4.3)  and  for  X,  > 1 ' 


I 


by 


(5.2) 


(-1)^  f 

= II  K(q,,*-*,qj^,rj,-«*,rj^;q;,--',q^,r|,**-,rjj^,p)dri---drj. 


Lemma  3.7  implies 

Lemma  5.1.  For  each  p € C’  with  | Im  p|  < y,  the  coefficients  defined 
by  (5.2)  are  in  C((i^*^)  and  P D|^  ^(q  i . * * * . Q J . * * * > P)  ^ C((2^*^)  is 
holomorphic  for  ] Im  p | < Y* 

Moreover,  Hadamard's  inequality  implies 


(5.3)  |Dj^  • * ’ ' ’ * * * •'‘k’P^  I - U*"  p1  1 Y 

~“2  Ic 

and  all  (qj,***,q^)  e U . This  implies 
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— 2 k 

Lemma  5.2.  TJie  series  in  (5.1)  converges  for  all  » * * " ^ ^ » 

all  p 6 with  1 Im  p 1 < y and  all  v G C.  The  convergence  is  uniform  on 
compact  subsets  and  hence  (p,v)  -*■  Dj^(  ,p,v)  G C(S1  ) is  holomorphic 

for  I Im  p I < Y>  V G C. 

The  results  of  section  4 imply  that  the  singular  values  of  K(p)  are  the 
roots  V of  Dg(p,v)  and  the  sequence  defined  by 

(5.4)  Vj^(p)  = (Aj^(p)  + Yo)^  P e R^  L = 1,2,--- 


is  an  enumeration  of  these  singular  values  arranged  in  increasing  order  and 

repeated  according  to  their  multiplicities.  Moreover,  the  eigenspace  of 

K(p)  for  '^£^(p)  coincides  with  the  eigenspace  of  H(p)  for  Xj^(p)  . The 

construction  of  a basis  for  this  space  will  be  based  on  tlie  classical  result 

of  Fredholm  that,  for  each  fixed  p and  singular  value  Vj^(p),  there  is  an 

integer  m > 1 such  that  the  minors  of  orders  k < m - 1 are  Identically  zero 

— 2 k 

as  functions  of  (tli,***,q^)  G ^2  while  the  minor  of  order  k * m is  not 

—2 1 

identically  zero.  With  this  choice  of  m there  exist  points  (a,,***,a')  G U 

‘ m 

such  that  D^(aj  , • • • ,aj^,  p,  Vjj^(p) ) i 0 and  then 


(5.5) 


<1 


'l'i(q.p)  = D^(q,a2,-**,a^;a;,-**,a^,p,Vj^(p)) 

ii'2(q.p)  = D^(a,,q,**-,a^;aj',**‘,aJ^,p,Vjj(p)) 
il'n,(q,p)  = D^(a,,a2,**-,q;aj',***,a^,p,Vj^(p)) 


is  a basis  of  linearly  Independent  eigenfunctions  for  Vjj^(p)  . A corresponding 

orthoncrmal  set  can  then  be  constructed  by  the  Gram-Schmldt  method.  Of 

course,  m and  (a,, •••,;!')  will  vary  with  p.  Theorem  2 Is  proved  liilow  liy 

tn 

choosing  m and  (a,,***,a')  to  be  suitable  functions  of  pt  W. 

* m 


r ■ 


2 '3 


The  eigenvalues  Vj^(p)  (K.  = 1,2, are  holoraorphlc  and  have  constant 
multiplicities  m(n,j,X.)  on  the  components  11  . of  12  - X , by  Lemma  A. 7. 

, J ti 

Moreover,  the  integer  m of  (5.5)  is  the  dimension  of  the  eigenspace  for 

V„(p)  and  hence  coincides  with  m(n,j,X.)  for  p G 12  ..  It  follows  that  for 

^ ^ > J 

fixed  (a,,***,a')  the  functions  (5.5)  are  holomorphic  for  p G 12  ..  More- 

* ’ m ' n, j 

over,  if  D (a,  , • • • ,a ' , p , v„  (p) ) ^ 0 for  p = p„  G 12  . then  by  continuity  the 

m l m ^ n,j 

inequality  holds  in  a neighborhood  B(pg,ro)  = {p:  | p - p^ | < rp}  and  hence 

(5.5)  defines  a basis  for  the  eigenspace  for  ^jj^(p)  for  all  pG  B(p(,,rp). 

Note  that  if  Oj  = Min  m(l,j,l)  > 1 then  by  (4.9)  Ej  = Ej  = •••  = E 

j 1 

^ E^  Similarly,  there  is  a sequence  of  integers  such  that  1 < Uj 

< Uj  < Uj  < •••  and  for  k = 1,2,3, ••• 


(5.6) 


= E 5 E ^ 


= E g E 


It  will  be  convenient  to  define  the  almost  holomorphic  Bloch  waves  ij>j(q,p) 
in  groups,  starting  with 

Definition  of  . Consider  the  components  12 

^ ni  nj,j 

(j  = 1 , 2 , • " ,N(nj ) ) . On  each  of  them  the  multiplicity  m(l,J,l)  = m(nj,j,n.) 

= m .is  constant  and  > n,  . Tlius  for  each  p.  G 12  . there  exist  neighbor- 

l.J  - ' “ iii,j 

hoods  B(pn,r.)  C 12  . and  points  (a,,***,a'  ) G i2^'"i>J  such  tliat  (5.5) 

“ “ iii,j  1 mj  J 

wl th  m = m . defines  a holomorphic  basis  for  the  eigenspace  for  X,(p)  = **• 
* > .] 

= A (p)  in  B(pg,rg).  The  Gram-Schmidt  algorithm  then  gives  a holomorphic 

.-i 

orthonormal  basis  ij/j  (q,  p)  , * * • ,i2<  (q,p)  in  B(pj,,rg). 

* > J 

To  every  p £ 12^^  j there  correspond  neighborhoods  B(pp,r(,)  and  holo- 
morphic orthonormai  bases  of  eigenfunctions.  Almost  holomorphic  orthonornuil 

bases  j (q,  p)  , • • * ,ij^  (9iP)  in  12  . nuiy  now  be  constructed  by  a procedure 

"’i,j  “I’J 

defined  in  (25,  pp.  17-18].  The  exceptional  set  Z(nj,J)  C 12  on  which 
( * , p)  , • • * *!('  ( ' , p)  nre  discontinuous  is  a union  of  portions  of  spheres 

"“i . j 
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S(Pjj,rg)  = {p:  |p~Pg|  = Tg } whose  limit  points  all  lie  in  the  compact  set 

. Hence,  Z(nj,j)  U is  a closed  nullset.  Finally,  the  definition  of 
(q  < p) « ' " ■ •4'  (q>P)  for  p e 51  is  completed  by  setting  i|).(q,p)  = 0 for 

o j J 

q G 51  and  p G where 

N(ni) 

(5.7)  Zj  = •••  = Z^  U (J  Z(nj,j) 

‘ I j=l 

is  a closed  nullset. 

Definition  of  .,,*••,<1'  • Consider  the  components  51  , 

^ni+i*  ’^n2  ^ n^ , j 

(j  = 1, 2, • • • ,N(n2) ) and  let  m(nj+l , j , n j+1)  = m(n2,j,n2)  = m^  j.  To  define 

Ip.  for  i = n,+l,***,n,  note  that  if  m , > n,  then  m , > n,,  v (p)  = v (p) 

j 1 * ’ 2 1 , j 1 1 . j - 2 n,  ^ 

on  51  , (=  52  ,,  for  some  i')  and  hence  il).  and  Z(n,,1)  = Z(n,,1')  have 

02, j ni,J'  -*  ■'  j ^ 1 

already  been  defined.  If  m,  . = n,  then  v (p)  > v (p)  and  ip  , ,***,ii^ 

l,j  1 nj  Oj  ^nj+i’  ^n^ 

can  be  defined  by  the  procedure  explained  in  the  preceding  paragraph. 

The  definition  of  tl/  . can  be  completed  by  Induction  on  k. 

n,  +1  n,  . ■' 

k k+i 

The  basic  inductive  step  is  the  construction  described  above.  It  is  clear 
from  the  construction  that  the  resulting  sequence  (tj^Cq.p)!  has  the 
properties  stated  in  Theorem  2. 
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6.  PROOFS  OF  THE  LEMMAS 


This  section  contains  proofs  of  the  leiranas  that  were  formulated  in  the 
preceding  sections.  For  brevity  the  proofs  are  based  as  directly  as  possible 
on  results  in  the  literature. 

Proof  of  Lemma  1.1.  The  starting  point  is  an  inequality  of  S.  L. 

Sobolev  and  S.  Agmon  [1,  p.  32]  which  states  that  for  each  domain  0 (.  R^ 
that  has  the  ordinary  cone  property  (1,  p.  11]  there  is  a constant  y = y(0) 
such  that  for  all  u € L^(G) , q 6 G and  r > 1 


(6.1) 


|u(q)  < y2  r (nuU^^^  + r^  Dull^^^) 


where  n uO  is  the  norm  in  L^(G)  and  II  uB  „ is  the  norm  in  L-(G). 

Applying  this  to  the  domain  12^  = {q  = q'  + m:  q'  6 , where  me  z’,  then 

multiplying  by  lv(q)|^  and  integrating  over  12  gives  (since  B V#  „ * * n o 

m 

by  (1.4)) 

(6.2)  < y’  IVIJ  „ r-'*  (l.i;  + r'  l„l>  ) 

m in  m 

Then  summing  over  m € Z^  gives,  for  all  u e L^(R^), 


(6.3) 


This  proves  that  L^(R^)  C D(V) . To  prove  (1.7)  one  may  use  the  elementary 
inequality  [24,  Lemma  3.3] 


(6.4) 


IuB^,r3  1 ‘‘''o,r'^  ^ ^ 


Combining  (6.3)  and  (6.4)  gives  (1.7)  with  a suitable  choice  of  C. 
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Proof  of  Lemma  1.3.  The  proof  Is  similar  to  the  preceding  one.  The 
analogue  of  (6.4)  for  Hp(p)  Is 

(6.5)  ^ D(H„(p)) 

wliere  ^ Is  Independent  of  p.  (6.5)  can  be  proved  by  Fourier  analysis. 
Combining  It  with  the  Sobolev-Agmon  result  (6.1)  for  G = il  gives  (1.20),  as 
in  the  proof  of  Lemma  1.1. 

Proof  of  Lemma  3.1.  Let  K C be  compact  and  let  N(K)  = fi  K,  a 
finite  set.  Let  p = Max  {lq|:  q e K}  so  that  |q-m[  > |m|  - p for  all 

q e K and  m C Z^.  It  will  be  shown  that 

(6.6)  y F(q  - m)  e^^^  ^ ” 

meZ  -N(K) 

converges  uniformly  for  q G K,  | Im  p j < y Vo/2it.  Note  that 


(6.7) 


27t  Im  p • m + Yj  |q-  m]  (Yo  - 2tt  | Im  p|)  lm|  - YflU 

> (Yo  - 2tty)  |m|  - YqM 


whence 

(6.8)  |r(q-m)  < e^^P  l"'l/4TT|q  - m| 

for  all  q 6 K and  m G Z^  - N(K) . The  uniform  convergence  of  (6.6)  for 
q G K,  |lm  p|  < Y Yo/2tt  follows.  Applying  this  with  K = 211  gives 

(6.9)  Go(q,p)  “ I _ r(q-m)  ^ 

me  Z^-N(2H) 

and  the  uniform  convergence  implies  that  Go(*,p)  G C(212)  and  that 
P Gj(*,p)  G C(2i2)  is  holomorphlc  for  |lm  p|  < Yg/2n. 

Proof  of  Lemma  1. 2 . Note  that  F(q  - q ' - m)  G L^  (il  x U)  and  G^  (q  - q ' , p) 
G C(llxll)  c L2(11x11).  Hence  (3.4)  Implies  Gj(q-q',p)  G LjdlxSi)  for  each 
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p such  that  I Im  p|  < Yq/2tt.  To  prove  (3.2)  note  that  (-A  + y^)  r(q-tn) 

= 6(q-m).  Moreover,  (6.8)  implies  that  (3.3)  can  be  differentiated  term- 
wise ;ind  (-A  + Yg)  G^(q-  q',p)  = 6(q-  q')  all  q,  q'  e . Note  that  to  prove 
(3.2)  it  suffices  to  verify  it  for  f e Cq  (i2)  . For  such  functions  the 
differential  equation  for  Gg  implies  that  (-A  + Yp)  f(l)  = f(q)  for 

all  q e (1.  Finally  the  form  of  the  series  in  (3.3)  implies  that  Rg(p)  f 
e D(Hq(p))  which  completes  the  proof  of  (3.2).  The  holomorphy  of 
p -*■  Rg  (p)  G 82(L2((1))  Is  equivalent  to  that  of  p ->■  (q  - q ' , p)  G L2(i2xW) 
which  follows  from  Lemma  3.1. 

Proof  of  Lemma  3.3.  A simple  geometric  argument  implies  that 


(6.10) 


|Go(q-  q'  ,p) 


dq  < 


1g  (q,p)|^  dq  for  all  q'  G W 

•'2(1 


This  result  and  Fubini's  theorem  imply  that  Gg(q-q',p)  V(q')  G Lj(WxW) 
for  I Im  p I < Yo/2tt.  Moreover,  for  all  f G D(V)  = D(Rg(p)V) 


(6.11) 


Rq(p)  V f(q) 


Go(q-  q'.p)  V(q’)  f(q')  dq' 


by  Lemma  3.2.  This  implies  that  Rg(p)V  is  densely  defined  and  closable 
with  closure  in  B2(L2((0)  wliose  kernel  is  (3.5).  The  holomorphy  of 
p -♦  Lg(p)  e 62(0^  ((2))  follows  from  Lemma  3.1. 

Proof  of  Lemma  3.4.  Note  that  (6.10)  implies 


!Lo^P^'hS  “ lV(q')r  lGg(q-q',p)r  ‘^q  ' 

hi  •'n 

(6.12) 

Hence  it  is  enuugli  to  show  that  the  last  integral  tends  to  0 when  yo  '* 
uniformly  for  | Ira  p|  < y.  Moreover,  for  any  fixed  m G Z’ 


r 
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(6.13) 


'2il 


r(q-m)l^dq=[  I e~^0  I /4tt  | q • 


dq  -*•  0 when  y 


by  Lebesgue's  dominated  convergence  theorem.  Thus  it  is  enough  to  prove 
that  Gg(q,p)  -*■  0 when  Yq  "»  uniformly  for  q € 2Q  and  [im  pj  < Y*  To  show 
this  note  that  |q-m|  > |m|  - |q|,  |q|  < /3  for  q G 212  and  |m|  > 2 for 
m € - N(212).  Thus  if  E,  Yq  satisfy  0 < e < 1 - /3/2,  Yo  > (Zirf+D/e 

and  1 Im  p 1 < Y then 


(6.14) 


2tt  Im  p • m+Yoh“  “1  1 (Yo  ~ ^’’’Y)  I“1  “ Yj 

= \m\  + (Yo  - 2ity  - 1)  Imj  - /3  Yo 

> |ml  + (cYj  - 2ity  - 1)  |ml  + ((1  - e)  lm|  - /3)Yj 

> |ml  + 6Yo 


where  6 = 2(1  - e)  - /3  > 0.  It  follows  from  (6.9)  and  (6.14)  that  for  all 
q e 212  and  | Im  p | < Y 


(6.15) 


|G^(q,p) 


o|>2 


r2^ImP*m-Yolq-m|/4^|q_„|  < c e 


••SYn 


where  C is  a finite  constant.  Hiis  completes  the  proof. 

Proof  of  Lemma  3.5.  (3.8)  follows  from  (3.6),  the  Neumann  series  for 

(1  + L|j(p))~*  and  the  completeness  of  the  Hilbert  space  62(12(12)).  Moreover 
the  range  of  Ro(p)  is  D(Hg(p))  C D(V)  and  hence  for  n = 1,2,  ••• 

(6.16)  Lo(p)"  Ro(p)  = (Ro(p)  V)"  Ro(p)  « Ro(p)(V  R(,(p))" 

which  proves  (3.9).  The  uniform  convergence  of  the  series  in  (3.9)  on 
compact  subsets  of  j Im  p | < Y implies  that  p L(p)  € 82(L2(12))  is 


TT~- 
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holomorphic  there.  Finally,  (3.10)  follows  from  Rj(p+m)  = Rq(p)  and  (3.11) 
follows  from  the  selfadjointness  of  Rq(p)[V  Ro(p)]''  for  all  p G R^. 

Proof  of  Lemma  3.6.  Note  that  u = (H(p)  + Yq)  ' f if  and  only  if 

u e D(H(p))  = D(Hq(p))  and  (H(p)  + Yo)n  = f.  Since  H(p)  = H(,(p)  + V this 

may  be  written  (Hj(p)  + Yq)u  = f - Vu  or  u = Rg(p)f  - Rq(p)  Vu  or 
(1  + Rq(p)  V)u  = Rq(p)  f.  Thus  finally  u = L(p)  f by  Lemmas  3. 3-3. 5. 

Proof  of  Lemma  3.7.  If  A G BjfLjffl))  the  corresponding  kernel  in 
L2(fl’<i2)  will  be  denoted  by  A(q,q').  Similarly,  if  A(p)  G B2(L2(fl))  for 

llm  p1  < Y then  A(q,q',p)  G L2(i^><i^)  for  | Im  pj  f Y • The  notation  A(p)  ~ 0 

will  be  used  to  mean  that  A(q,q',p)  G C(fixf2)  and  p -*■  A(q,q',p)  G C(QxQ) 
is  holomorphic  for  ] Im  p|  < y.  Thus  Lemma  3.7  states  that  K(p)  = L(p)^  ■”  0. 
The  notation  A(p)  ~ B(p),  meaning  A(p)  - B(p)  ~ 0,  will  also  be  used.  It 
is  an  equivalence  relation. 

By  Lemma  3.5 

00 

(6.17)  L(p)  = I (-1)''  L (p)  in  B^(L2(f^)) 

n=0 

where 

(6.18)  L„(p)  = Rg(p),  L^(p)  = Ro(P) (P)  * " “ 1,2,*** 

Moreover,  by  Lemma  3.1 

(6.19)  Lo(p)=R,(p)~  I r 

me  N 

where  F has  kernel  F(q-q'-m).  It  will  be  shown  first  that 
m ^ 

(6.20)  L,(p)  ~ I r V r , e2Tiip»(m+tn') 

To  prove  this  it  is  enough  to  show  that  Rq  (p)  V Rj  (p)  ~ 0,  F^VRj(p)  ~ 0, 
Rj(p)VF^  - 0 and  ~ 0 for  m+ra'  ^ N.  Now  R|J(p)VRj(p)  has  kernel 
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(6.21) 


V(q")  G'(q"-q',p)  dq" 


The  result  Rj(p)VRj(p)  ~ 0 follows  from  the  observation  that 
q'  V(q")  Gj(q"-q',p)  G is  continuous  for  q ' 6 and 

p -♦  V(q")  Gg(q"-q',p)  6 C(f2,L2(()))  is  holomorphic  for  | Im  p|  < y.  The 
remaining  terms  may  be  treated  similarly. 

Next  it  will  be  shown  that  F VF  ,(q,q')  is  continuous  for  q-q'  ^ m+m' 

and 


(6.22) 


FmVFmi(q.q')  =0(lq-q'-m-m'|  '^^),  q-^q'  + m + m' 


To  show  this  note  that 


(6.23)  FVF,(q,q’)  = [ F(q-  q"-m)  V (q")  F(q"-q'  -m')  dq" 

mm 

If  q-  q'  ^ m+m'  then  the  singularities  of  the  integrand  at  q"  = q-m  and 
q"  - q'  + m'  are  dlstiaci.  and  the  cuiitiuulty  can  be  proved  by  the  argument 
of  the  preceding  paragraph.  The  result  (6.22)  is  proved  by  applying 
Schwarz's  inequality  to  (6.23): 


(6.24) 


I |r(q-q"- 

Jq 


m)  F(q"-  q'  -m')|'  dq" 


and  estimating  the  singularity  of  the  last  integral  at  q = q'+m+m'  by  a 
method  of  classical  potential  theory  [14,  p.  59]. 

Passing  to  Lj(p),  the  method  of  the  preceding  paragraph  can  be  used 
to  prove 


(6.25)  L,(p)  ~ I FVF,VF„  P* 

nr+m  +m  G N 


Moreover,  F VF  ,VF  „(q,q')  is  continuous  for  q-q'  ^ m+m'+m"  and 
mm  m 


r • 


- J 
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(6.26)  =0(\ln  | q - q ' - m - m’  - m"  | ) 

Finally,  the  same  arguments  imply  that  l>^(p)  ~ 0 for  n = 3,4,5, •••  and 


L(p)  ~ Lo(p)  - LjCp)  + LjCp) 


y p 2iTip*m  _ y p VT  ^271  i p • (m-hn ' ) 
4 m 4mm' 


me  N 


m+m'  e N 


(6.27) 


+ I r V r , V r „ 

^ m m m 


m+m  -hn  e N 


The  last  sum  is  a trigonometric  polynomial  in  p.  Hence,  to  complete  the 
proof  of  L(p)^  ~ 0 it  is  sufficient  to  show  that  the  product  of  any  pair  of 
the  operators  T , T V T , and  F V F , V F ,,  has  a kernel  in  CC^xfi).  This 
follows  from  F^(q,q')  = e /4n  | q-q ' -m] , (6.22)  and  (6.26)  by  the 

argument  following  (6.21)  (continuity  of  q ^ L2(f2),  etc.). 

Proof  of  Lemma  4.3.  The  holomorphy  follows  from  Lemma  4.2.  To  see 
that  D(p,A)  6 R for  p € R’,  A 6 R note  that  Gj(q,p)  € R for  p e R^  by  (3.3). 
Hence  (3.9)  implies  that  L(p)  has  a real-valued  kernel,  because  V is  real- 
valued, and  therefore  K(q,q',p)  6 R for  p € R^ . Thus  (4.1)  - (4.4)  imply 
that  D(p,A)  6 R.  The  property  D(p+m,A)  = D(p,A)  follows  from  (3.10). 

Proof  of  Lemma  4.4.  By  Lemma  3.7,  A € o(H(p))  if  and  only  if 
V = (A  + Yq)^  is  a singular  value  of  K(p).  Hence  Lemma  4.4  follows  from 
classical  Fredholm  theory  [10,  17].  In  the  general  theory  the  multiplicity 
of  an  eigenvalue  can  be  less  than  the  multiplicity  of  the  correspxind Ing  zero 
of  D(j(p,v).  However,  for  selfadjolnt  operators  the  tw«)  multiplicities 
coincide . 

Proof  of  Lemma  4.5.  Let  (pp,Aj)  € E*^.  Then  there  Is  an  m = infpij,!^)  > I 
and  a neighborhood  N(pj,Aq)  C R**  such  that 
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F(p,X)  = 3™  ' D(p,A)/3X™  ' “ 0 for  (p,A)  GEO  N(pj,Aj) 

(6.28)  < 

9F(p,A)/3A  = 3”b(p,A)/3A™  0 for  (p,A)  e E n N(p(j,Aj) 

It  follows  by  the  implicit  function  theorem  for  analytic  functions  [3]  that 
E n N(pp,Aj)  C E'.  In  particular,  E*^  C E'  is  a real  C-analytic  manifold  of 
dimension  3.  Next  consider  a point  (pq,Aq)  S ^ = E - E*'.  The  definition 
of  E implies  that  there  is  an  integer  m = mCp^.A^)  > 1 and  a neighborhood 
N(PotAfl)  C R**  such  that 

F(p,A)  E 3®"‘d(p,A)/3A'^*  = 0 for  (p.A)  e E n N(po.Ao) 

(6.29)  < G(p,A)  E 3“  D(p,A)/3A“‘  $ 0 for  (p.A)  GEO  N(pj,Ao) 

Thus  (Po.Afl)  G E n {(p,A):  G(p,A)  - O},  a variety  of  dimension  < 2. 

Proof  of  Lemma  4.6.  The  set  E^  c R**  is  a real  C-analytlc  variety  of 

dimension  < 2.  Hence  X^,  its  projection  onto  the  hyperplane  A » 0 has  the 

same  property.  The  Important  property  that  0 - has  a finite  number  of 

topological  components  was  proved  by  H.  Whitney  [22,  23]. 

Proof  of  Lemma  4.7.  Let  p«  G 11  - X and  let  1 < H < n.  Then 
® n - - 

r r 

(Po»^j^^Po))  ^ ^ ^ hence  there  exists  a neighborhood  N(pj)  in  which 

Aj^(p)  is  the  unique  holomorphlc  solution  of  F(p,A)  • 0 guaranteed  by  (6.28). 

To  show  that  Ajj^(p)  has  constant  multiplicity  on  each  component  of  11  - X^, 

let  pj  G j have  multiplicity  m^  - m(pj  ,Aj^(Po))  (notation  of  (4.8)).  Then 

A^(p)  has  multiplicity  mg  throughout  a neighborhood  of  p^^ , by  the  definition 

of  E*^  and  continuity  of  3°“*  D(p, A)/3A™® . Thus  the  set  H®  , - {p  G 11 

Ag(p)  has  multiplicity  lUg)  is  open  and  not  empty  in  H . Moreover,  if 
^ n*  I 


r 


p,  e n , is  a limit  point  of 
n,  j 

is  constant  in  a neighborhood 

Q . and  therefore  . 

n,j  n,j  n,j 


j then  m(pj  ,Aj^(Pj ))  = because  m(p,A^(p)) 

of  p,  . Thus  , is  both  open  and  closed  in 
* n,.i 

because  Q . is  connected. 
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P = (pi*P2»P3^  C R^  . H(p)  has  a discrete  spectrum,  with  corresponding 
complete  or thonormal ^sequences  of  eigenfunctions,  and  it  is  customary  to 
denote  such  a sequen<(e  by  {\p  (p)  } and  speak  of  '^the'^  Bloch- waves . How- 
ever, the  eigenfunctions  are  not  unique  and  a separate  choice  is  required 
for  each  p . The  customary  definition  therefore  rests  on  the  axiom  of 
choice  and  can  provide  no  info  mation  about  the  p-dependence  of  the  Bloch 
waves.  Some  Information  is  essential  for  applications,  A minimal  re- 
quirement is  p-measurability . - ^ In  this  paper  the  operators 
K(p)  = (H(p)  Yq)  ^ “^te  showr'^  form  a family  of  Fredholm  integral 
operators  that  is  holomorphlc  for^p  < C^,  | Im  p|  ■ Yo  • classical 


urability . - ^ In  this  papei 
are  show^s^o  form  a fami 
lomorphlc  for^p  < C^,  | Ir 


theory  of  Fredholm  minors  is  then  used  to  construct  families  of  Bloch 
waves  i|/  (p)  which  are  holomorphlc  on  the  complement  of  a closed  nu  I 1 - 
set. 
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